We obtain the wave velocities of clay-bearing sandstones as a function of clay content, porosity and frequency. Unlike previous theories, based simply on slowness and/or moduli averaging or two-phase models, we use a Biot-type three-phase theory that considers the existence of two solids (sand grains and clay particles) and a fluid. The theory, which is consistent with the critical porosity concept, uses three free parameters that determine the dependence of the dry-rock moduli of the sand and clay matrices as a function of porosity and clay content.
Introduction
Successful interpretation of sonic logs and seismic data depends on a knowledge of the behaviour of wave propagation through rocks and geological units. In particular, sandstone reservoirs account for nearly 60% of oil reserves. In general, sandstones contain clay that considerably affects the seismic properties, such as compressionaland shear-wave velocities (Han, Nur and Morgan 1986) . Previous attempts to model the effect of clay intrusions in sandstone assume empirical relationships (Tosaya and Nur 1982; Han et al. 1986 ) or a combination of empirical relationships and microstructural theories (Xu and White 1995; Goldberg and Gurevich 1998) . While these models give reasonably good estimates of velocities from porosity and clay content, they are not always suitable for the calculation of synthetic seismograms, because they do not take dynamics into account.
Modelling the acoustic properties of shaley sandstones, that is, quantifying the variations of wave amplitudes and V P and V S versus porosity, clay content and frequency, is achieved in the framework of Biot's theory of poroelasticity. This approach also provides the time-domain differential equations for calculation of synthetic seismograms in heterogeneous media.
For clay/sand mixtures, such an approach requires the consideration of a medium consisting of three phases: sand, clay and fluid. A three-phase Biot-type theory was recently developed by Leclaire, Cohen-Te Ânoudji and Aguirre-Puente (1994) for frozen porous media. This three-phase theory assumes that there is no direct contact between sand grains and ice, implying the existence of a water layer around the grains, isolating them from the ice. The model, which predicts three compressional waves and two shear waves, has recently been applied, with some minor modifications, to modelling the acoustic properties of permafrost (Carcione and Seriani 1998) .
In this study, we replace ice by clay and include the terms responsible for the interaction between the sand grains (pure quartz grains) and the clay particles in the potential and kinetic energies. Lagrange's equations provide the differential equations of motion, and a plane-wave analysis gives the wave velocities and attenuation factors of the different modes. The bulk and shear moduli of the sand and clay matrices versus porosity are obtained from a relationship proposed by Krief et al. (1990) . This relationship introduces two empirical parameters that can be obtained by calibrating the model with real data. An additional parameter provides one more degree of freedom for adjusting the velocity±porosity curves (at constant clay content) to the data.
The present model is somewhat similar to that recently proposed by Goldberg and Gurevich (1998) . An important difference, however, is associated with our threephase approach. Indeed, Goldberg and Gurevich (1998) mixture were derived using the Gassmann equation. However, the latter is valid only when the solid matrix is homogeneous (Brown and Korringa 1975) . This implies that the sand and clay particles are mixed homogeneously, forming, in effect, composite grains, which in turn form the rock matrix. Our three-phase approach is free of such assumptions, but it also implies a particular topological configuration, namely the one where sand and clay form two continuous and interpenetrating solid matrices (see Fig.  1 ). As an example, we test the model on the published data set of Han et al. (1986) and Klimentos and McCann (1990) .
Model for clay-bearing sediments
The theory developed by Leclaire et al. (1994) explicitly takes into account the presence of three phases: solid substrate, ice and water. Here, we replace the ice with clay and include the contributions to the potential and kinetic energies due to the contact between the sand grains and the clay. In analogy with their notation, n 1Y 2Y 3 denote sand, water and clay, respectively.
Following Leclaire et al. (1994) , the equation of motion can be written in matrix form as
where u is the displacement field, is the friction matrix, where the parameter b 13 , describing the interaction between the sand and clay matrices, has been assumed equal to zero. The fact that there is a frictionless connection between the two constituents can be interpreted as the sand and clay frames being welded (or bonded). There is an interchange of kinetic energy (described by r 13 ) and potential energy (described by R 13 and m 13 ) at the contact points, but no dissipation.
A dot above a variable denotes time differentiation. All the parameters with the subscript (13) describe the interaction between the two solid components. The elements of these matrices are obtained with the use of Lagrange's equations (Leclaire et al. 1994) .
Appendix A summarizes the meaning of the different parameters, and Appendix B describes the form of the potential and kinetic energies. The porosity dependence of the sand and clay matrices is consistent with the concept of critical porosity, since the moduli should vanish above a certain value of the porosity (usually from 0.4 to 0.5). This dependence is determined by the empirical coefficients A s and A c (see equation (1)). This relationship was suggested by Krief et al. (1990) and applied to sand/clay mixtures by Goldberg and Gurevich (1998) . Moreover, in some rocks there is an abrupt change of rock matrix properties with the addition of a small amount of clay, attributed to softening of cements, clay swelling and surface effects, i.e. the wave velocities decrease significantly when the clay content increases from 0 to a few per cent (Goldberg and Gurevich 1998) . In order to model this effect, we multiply the shear modulus of the sand matrix by a factor depending on the empirical coefficient a (see equation (2): this factor tends to 1 when a 3 1). Then, the bulk and shear moduli of the sand and clay matrices are assumed to satisfy the equations
respectively. Note that f f s f c 1 and C f c af c f s Y whence f c and f s can be expressed in terms of porosity f and clay content C, which prove to be the only independent variables of the model. Krief et al. (1990) set the parameters A s and A c at 3 regardless of the lithology, and Goldberg and Gurevich (1998) obtained values between 2 and 4. On the other hand, since C1 2 C , 1Y the exponential in (2) takes values between 0.166 (for a 0) and 1 (for a 1). We found that reasonable values of parameter a are in the range [0,1]. The expressions (B6) for the density components, given in Appendix B, include the interaction between sand grains and clay particles, assuming that the grains flow through the clay matrix (as described by the tortuosity a 13 ) and that the clay particles flow through the sand skeleton (as described by a 31 ). As is well known, the tortuosity is related to the difference between the microvelocity and macrovelocity fields. If they are similar (i.e. for relatively rigid materials such as solids), the tortuosities equal 1, and these contributions vanish. However, these terms do contribute to the kinetic energy when the sand and clay matrices are unconsolidated or relatively unconsolidated, for which the tortuosities are greater than 1. As in Biot theory, we neglect the solid contributions related to the interaction with the saturating fluid.
If the properties of the clay equal those of the sand grains, then
and we obtain Biot's potential and kinetic energies, with the corresponding coefficients (see Appendix A), depending only on f s f c X Moreover, when f 3 1Y the compressional-wave velocity tends to the wave velocity in the fluid, and the shearwave velocity vanishes.
The reference frequency f c , which determines the validity of the theory, f ! f c Y is given by
where we assume that the permeability is k f s k s f c k c (see Appendix B) and that the tortuosity is obtained from 1aT < 1 2 Caa 21 Caa 23 X The three compressional-wave velocities of the three-phase porous medium are given by
where Re denotes the real part, and L m are obtained from the generalized characteristic equation detLR 2r 0Y which yields
where tr denotes the trace, the overbar denotes the cofactor matrix (e.g. Fedorov 1968) , and the effective density matrix, r r 2 iAavY is defined in the frequency domain. Likewise, the two shear-wave velocities V Sm are given by
where V m are the complex solutions of the equation
with a H tr mr and b H trm r. Following Dutta and Ode (1983) , the magnitudes of the attenuation vectors (in dB) are given by
Examples
We calibrate the model with the data sets published by Han et al. (1986) and Klimentos and McCann (1990) , obtained at a confining pressure of 40 MPa. Han Figure 2 . Velocities of compressional (a) and shear (b) fast waves versus porosity f for different values of clay content C: black: C 0%; red: C 10%; green: C 20%; blue: C 30%Y and light blue: C 40%X The experimental points correspond to the data published by Han et al. (1986) . In this case, black, red, green, blue and light blue correspond to C values in the ranges CY C 5%Y C 0Y ¼Y 40%X The frequency is 5 kHz.
et al. (1986) provide ultrasonic measurements of V P and V S for 75 sandstone samples with porosities ranging from 2 to 30% and a volume clay content from 0 to 50%. One feature of this data set is that a small amount of clay significantly softens the rock moduli, leading to reduced velocities. Table 1 shows the properties of the different constituents, and the prediction of the theory against the measurements obtained by Han et al. (1986) is shown in Figs 2a and b, where A s A c 2 and a 0X5 (see equations (1) and (2)). The reference frequency (3) is f c 84Y 140, 18 and 25 kHz for fY C 0X1Y 0Y (0.1,0.4), (0.3,0) and (0.3,0.4), respectively. Since the theory is valid below these reference frequencies, we assume a frequency of 5 KHz to fit the experimental data. Strictly speaking, this is not correct since the data have been acquired at ultrasonic frequencies of the order of hundreds of kHz. However, it is well known that Biot-type dissipation mechanisms alone do not account for the level of attenuation observed in rocks (Dvorkin, Nolen-Hoeksema and Nur 1994 Figure 3 . Velocities of compressional (a) and shear (b) fast waves versus clay content C for different values of porosity f : black: f 0%; red: f 10%; green: f 20%; blue: f 30%Y and light blue: f 40%X The experimental points correspond to the data published by Han et al. (1986) . In this case, black, red, green, blue and light blue correspond to f values in the ranges fY f 5%Y f 0Y ¼Y 40%X The frequency is 5 kHz.
description of this phenomenon would require the generalization of the different stiffness moduli to relaxation functions (Biot 1962) . However, this fact reflects the robustness of the model for this particular example. Figure 2 shows the compressional-and shear-wave velocities versus porosity, where each curve corresponds to a different value of the clay content C. The root-mean-square deviation computed for all samples, apart from five outliers for P-waves and seven outliers for S-waves, is 93 m/s for the P-wave velocity and 100 m/s for the S-wave velocity. The match between theoretical and experimental data is quite good taking into account the fact that we used just two fitting parameters and did not use a rigorous parameter estimation algorithm. The values for A s and A c were chosen to obtain a reasonable fit of the data. The fact that A s A c is a satisfactory choice indicates the flexibility of the model in this case. In order to obtain a better agreement between theory and experiment, an inversion procedure, like that presented by Goldberg and Gurevich (1998) , should be used. On the other hand, Fig. 3 represents the same velocities versus clay content C for porosities ranging from zero to 40%. The rapid decrease in wave velocity at low clay content is evident. Figure 4 shows the compressional-wave velocity compared with the experimental points obtained by Klimentos and McCann (1990) . In this case a 1Y since the softening of the rock moduli by clay is less pronounced than in the previous case. This data set was obtained at a confining pressure of 40 MPa, which, according to the authors, is equivalent to a depth of burial of about 1.5 km. For an average sediment density of 2300 kg/m 3 , this requires a pore pressure of 19 MPa, and therefore an overpressure of approximately 4.5 MPa. In fact, the porosities are higher than those expected at 1.5 km depth. Pore pressure, together with the confining pressure, determines the differential pressure which, in turn, determines the dry-rock bulk black: C 0%; red: C 10%; green: C 20%; blue: C 30%Y and light blue: C 40%X The experimental points correspond to the data published by Klimentos and McCann (1990) . In this case, black, red, green, blue and light blue correspond to C values in the ranges CY C 5%Y C 0Y ¼Y 40%X The frequency is 5 kHz. moduli and porosity (Zimmerman, Somerton and King 1986) . Hence, the pressure dependence is mainly contained in (1) and (2) through the porosity f and the parameters A s , A c and a. Second-order effects can be due to the dependence on pressure and temperature of the fluid properties (Batzle and Wang 1992) .
The attenuations (6) and (7) for the fast waves in the seismic band are shown in Fig. 5 . In general, the higher the porosity the higher the dissipation. For completeness, Fig. 6 shows the phase velocities, computed using (4) and (5), and attenuations, computed using (6) and (7), of the slow compressional modes and the slow shear mode for a frequency of 25 Hz. Note that the attenuations of the slow modes are much higher than the attenuations of the fast modes, as expected. Modes have been numbered in order of decreasing phase speed.
It is important to note that the main advantage of the present model is not the accuracy of the prediction (empirical relationships may perform equally well), but the fact that it is a model based on physical grounds and is potentially useful for the inversion of rock properties and the computation of synthetic seismograms.
Conclusions
We have developed a new velocity-porosity-clay model that can be used for inversion applications such as sonic-log interpretation, lithological inversion of seismic data, AVO inversion, etc. The model is based on a Biot-type formulation of the equation of motion, and therefore the number of free parameters is limited to a minimum. In principle, three parameters are used to obtain the bulk and shear moduli of the sand and clay matrices versus porosity and clay content. In the present study, two parameters were enough to fit the experimental data. Since the model is based on a Biot formulation, additional compressional and shear waves are predicted by the theory. For completeness, the characteristics (phase velocity and attenuation) of these modes are briefly outlined. Besides the inversion applications mentioned above, the formulation provides the differential equations for computing synthetic seismograms in inhomogeneous porous media. Rock project, and by the European Union under the project`Detection of overpressure zones with seismic and well data'. We thank the Associate Editor and Dr B. Trietsch for detailed reviews. geometrical aspect of the boundary separating the sand grains from the fluid phase; r 13 geometrical aspect of the boundary separating the sand grains from the clay; r 23 geometrical aspect of the boundary separating the clay from the fluid phase; r 31 geometrical aspect of the boundary separating the clay from the sand grains; T average tortuosity; V Pm P-wave phase velocity m 1Y 2Y 3; V Sm S-wave phase velocity m 1Y 2; s microscopic particle-velocity vector; t microscopic particle-velocity vector; u n displacement vector n 1Y 2Y 3; v n microscopic particle-velocity vector n 1Y 3; v average velocity of grains moving in the fluid; w n relative displacement vector n 1Y 3; a 1 fluid/sand matrix coefficient; a 3 fluid/clay matrix coefficient; b 1 clay/sand matrix coefficient; b 3 sand/clay matrix coefficient; a Pm P-wave attenuation factor m 1Y 2Y 3; a Sm S-wave attenuation factor m 1Y 2; h f fluid viscosity; see Table 1 ; k s permeability of the sand matrix (see Appendix B.3); k c permeability of the clay matrix (see Appendix B.3); k average permeability; L Pm P-wave root of the dispersion equation m 1Y 2Y 3; m c shear modulus of the clay; see Table 1 ; m s shear modulus of the sand grains; see Table 1 ; m cm shear modulus of the clay matrix; see equation (2); m sm shear modulus of the sand matrix; see equation (2); m shear stiffness matrix; m 11 same as m sm ; m 13 shear coupling between the sand and clay matrices; m 33 same as m cm ; n index denoting sand (1), water (2) and clay (3); V Sm S-wave root of the dispersion equation m 1Y 2; v angular frequency: 2pf; f c proportion of clay; f proportion of fluid or porosity; f s proportion of sand grains;
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Finally, expressing the kinetic energy as a function of u Ç 1 , u Ç 2 and u Ç 3 , we get where r n n H characterize the geometrical features of the pores (r nn 1a2 for spheres). Observe that, for instance, a 21 3 1 for f 3 1 and that a 21 3 1 for f 3 0Y as expected (Berryman 1980 ).
B.3 Friction coefficients
In order to obtain the viscous flow resistance coefficients b 11 and b 33 , we first consider the idealized situation when the solid part can be modelled as a dilute concentration of sand and clay spherical particles in the fluid. This situation is realized in the highporosity limit f 3 1X Since the concentration is dilute, each particle can be considered independently from the others. The viscous resistance force for a single sphere of radius R moving in a flow of average velocity v and a fluid viscosity h f obeys Stokes's law, Equation (B9) provides an explicit expression for the resistance coefficients b 11 and b 33 in the high-porosity limit. At lower porosities it is customary to divide the expression for permeability by an empirical factor 101 2 faf 3 Y which yields permeability values consistent with the Kozeny±Carman empirical relationship (Berryman 1995 where R s and R c denote the average radii of sand and clay particles, respectively.
